Riemann Stieltjes Integrals

> Introduction

In elementary treatment of Integral Calculus the subject of integration is
treated as inverse of differentiation. The subject arose in connection with the
determination of areas of plane regions and was based on the notion of the limit of a
type of sum when the number of terms in the sum tends to infinity and each term
tends to zero. In fact the name Integral Calculus has its origin in this process of
summation. It was only afterwards that it was seen that the subject of integration
can also be viewed from the point of the inverse of differentiation.

» Partition
Let [a,b] beagiveninterval. A finite set P ={a= X, X, Xy.ee, Xgoeens X, =0} S
said to be a partition of [a,b] which dividesit into n such intervals
[% X0 ] [%0 X0 ] 0 [ %00 Xa] e [ X ]
Each sub-interval is called a component of the partition.
Obviously, corresponding to different choices of the points x we shall have
different partition.

The maximum of the length of the components is defined as the norm of the
partition.

> Riemann Integral
Let f bearea-valued function defined and bounded on [a,b] . Corresponding to
each partition P of [a,b], we put
M; =sup f(x) (X4 <X<X)
m =inf f(X) (X, <X<X)
We define upper and lower sums as M

U(P, )= M, Ax m
i=1

and L(P,f):zn:mmg
i=1
where Ax =x-x, (=12,...,n)

and finally _dex:infU(P,f) ................ (i)
jfdx:supL(P, F) e (ii)

Where the infi_mum and the supremum are taken over all partitions P of [a,b].
b b
Then _[ fdx and _[ f dx are called the upper and lower Riemann Integrals of f

over [a,b] respectively.

In case the upper and lower integrals are equal, we say that f is Riemann-
Integrable on [a,b] and wewrite f eR, where R denotes the set of Riemann
integrable functions.
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b b
The common value of (i)and (ii) is denoted by _[fdx or by _[f(x)dx.

Which is known as the Riemann integral of f over [a,b].

> Theorem
The upper and lower integrals are defined for every bounded function f .

Proof
Take M and m to be the upper and lower boundsof f(x) in [a,b].
= m< f(x) <M (a<x<h)
Then M;<M and m=m (i=12...,n)
Where M, and m denote the supremum and infimum of f(x) in (x_,,X ) for
certain partition P of [a,b].

= L(P,f) ZmAx>ZmA>q (A% =X, -X)

= L(P,f)szAx

But iA)g = (% = %) + (% = %) + (% = %) + oo+ (X, = X,4)

=X, ~%=b-a
= L(P,f)>m(b-a)
Similarity U(P, f)<M(b-a)
= m(b-a)<L(P,f)<U(P,f)<M(b-a)
Which shows that the numbers L(P, f ) and U (P, f ) form a bounded set.
= The upper and lower integrals are defined for every bounded function f. ®

> Riemann-Stieltjes Integral
It is a generalization of the Riemann Integral. Let o (x) be a monotonically

increasing functionon [a,b]. a(a) and «a(b) being finite, it followsthat «(X)
Is bounded on [a,b] . Corresponding to each partition P of [a,b], wewrite
Ady =a(x)-a(X )
( Difference of valuesof o at x & % ;)
- a(X) is monotonically increasing.
. Aa; 20
Let f bearea function which is bounded on [a,b] .

Put P f a ZM Ac

L(P, f,a) Zm Aa,
Where M, and m havethelr usual meanings.
Define

fda=infU (P, f,a) ooorenen. (i)

f da=SUpL(P, f,a) coovrvennnn, (ii)

1D ey T Q) ey T
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Where the infimum and supremum are taken over all partitionsof [a,b].
b b b b
If Ifda:I f doe , we denote their common value by _[fda or _[f(x)da(x).

Thisisthe Ri_emann-StieItje£ integral or simply the Stieltjes Integral of f w.r.t.
o over [a,b].

If J:fda exists, we say that f isintegrablew.r.t. a, inthe Riemann sense,

and write f eR(«a).

> Note

The Riemann-integral is a special case of the Riemann-Stieltjes integral when we
take a(X) = x.

" The integral depends upon f,a,a and b but not on the variable of integration.

b b
.. We can omit the variable and prefer to write J f do instead of J f(X)da(X).

In the following discussion f will be assume to be real and bounded, and «
monotonically increasing on [a,b] .

> Refinement of a Partition
Let P and P* betwo partitions of an interval [a,b] suchthat P < P" i.e. every

point of P isapoint of P*, then P* is said to be arefinement of P.

> Common Refinement
Let P, and P, be two partitions of [a,b] . Then a partition P* is said to be their
common refinement if P* =B UP,.

> Theorem
If P* isarefinement of P, then
L(P,f.a) < L(P",f,a) oo, 0)
and U(P,f,a) > U(P',fa) . o, (ii)
Proof

Let us suppose that P~ contains just one point x* more than P such that
X, <X <x where x_, and x are two consecutive pointsof P.
Put

w, =inf f(x) (XHSXSX*) Xx_, X* X
w, =inf f(x) (x" <x<x)
Itisclear that w,>m & w,>m where m =inf f(x) , (X, <x<X).
Hence
L(P", f.a)=L(P, f,a)=w|a(X') —a(xy) |+ W[ a(x) - a(xX') ]
-m [a (%) —a(X)]
= a(X) —a(Xy) |+ W[ a(x)-a(xX) ]
—m[a(x)—a(X) +a(x)-a(x,)]
= (w; —m)| o (X) —er(% ;) |+ Wy —m) [ (%) —ax(X) |
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" o Isamonotonically increasing function.
La(X)-a(x )20, a(x)-a(X)=0

= L(P",f,a)-L(P,f,a) = 0

= L(P,f,a) < L(P",f,a) whichis(i)

If P* contains k points morethan P, we repeat this reasoning k times and
arrive a (i).
Now put
W, =sup f(x) (X <x<X)
and W, =supf(x) (X" <x<x)
Clearly M, zW, & M, 2>W,
Consider

U(P,f,a)-U(P" f.a)=M[a(x)-a(x,)]
“W[ o (x) — (X 1) | -Wo[ (%) —a(X') ]
=M [a(x)—a(x)+a(x)—a(x,)]
“W[a(x) — (X 5) | -Wo[ (%) —a(X') ]
= (M, =W)[ @ (X) = (%) |+ (M, W, )| a(x) —a(X) | > 0
( o iST)
= U(P,f,a) = U(P", f,a) whichis(ii)
®

> Theorem
Let f bearea valued function defined on [a,b] and a be a monotonically

increasing functionon [a,b]. Then
supL(P, f,a) < infU(P,f,a)

b b
ie. jfda < jfda

Proof
Let P* be the common refinement of two partitions P, and P,. Then
L(R, f.a) < L(P",f.a) < U(P',f,a) < U(R,f,a)
Hence L(B,f,a) < U(R,f.a) .ccccc...... (i)
If P, isfixed and the supremum is taken over all B, then (i) gives

b
[fda < U(PR,f.a)
Now take the infimum over all P,

b
:»jfdas f dot ®

QD ey T |
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> Theorem (Condition of Integrability or Cauchy’s Criterion for
Integrability.)
f eR(a) on [a,b] iff forevery >0 thereexistsapartition P such that
U (P, f,a)— L(P, f ,a) <¢€
Proof
Let U(P,f,a)—L(P,f,a)<8 ............. (i)

b
= [fda-L(P.f,a)>0 ad U(P,fa)-

QD ey T
—_
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Adding these two results, we have

b b

[fdo—[fda—L(P f,a)+U(P f,a)=0
b

fda-[fda <U(P fa)-L(P.fa)<e  from()

a

=

QD C—— T |

l.e. 0L |fda-|fda <& forevery £>0.

Q C——y T
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b b
= [fda = [fda ie feR()
Conversely, let f eR(a) and let &> 0

b b b
:jfda:jfda:jfda

b b
Now [fda=infU(P,f.a) ad [fda=supL(P,f.a)
There exist partitions P, and P, such that

U(R,f.a)-fda <% .............. ) Tu(p.fia)-54<]fda

p fda<L(P,f,a)+¢
and [ fda-L(RT.a) <5 giy | 179e<tE® )+ 7,

We choose P to be the common refinement of B, and P,.
Then

b
U(P,f,a)SU(Pz,f,a)<_[fda+%< L(R,f,a)+e<L(P f,a)+e

So that
U(P,f,a)—L(P,f,a) < ¢ ®
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> Theorem
a)If U(P,f,a)-L(P,f,ax)<e holdsfor some P and some ¢, thenit holds

(with the same ¢ ) for every refinement of P.
b)If U(P, f,a)-L(P,f,a)<e holdsfor P={x,,...,x,} and §,t; arearbitrary

pointsin [Xx_;,% ], then

Z| f(s)— f(ti)|Aai <&
i=1
c) If f eR(a) and the hypotheses of (b) holds, then

Proof
a) Let P’ bearefinement of P. Then
L(P,f.a) < L(P",f,a)
and U(P",f,a) <U(Pfa)
= L(P,f,a)+U(P", f,a) < L(P",f,a)+U(P,f.a)
= U(P", fa)-L(P" f,a) < U(P fa)-L(Pfa)
U(P,f,a)—L(P,f,a)<8
- U(P", fa)-L(P,fa)<e

b) P={X,....x,} and §, t, arearhitrary pointsin [x_;,x |.
= f(s) and f(t) bothliein [m,M,].

= |f(51)_f(ti)| < Mj-m X_1 § t X;
= |f(S1)—f(ti)|Aoci < MAg, —mAg,

= i| f(s)—f(ti)|Aoci < iMiAai—imAai
= i| f(s)- ft)|Aq < U(P,f,a)-L(P fa)
UI_(P,f,a)—L(P,f,a) < ¢

" i| f(s)—f(ti)|Aoci < €

0 vm<ft) <M,

" ZmAa < Z (t)Ac, Z

= L(P,fa) < ) f(t)Ax < U(P f a)

anddso L(P,f,a) < [fda < U(P,f,a)
Using (b), we have
b
‘Zf(ti)Aai—jfda < ®
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> Theorem
If f iscontinuouson [a,b] then f eR(a) on [a,b].

Proof

Let >0 begiven. Choose S >0 so that
[a(b)—a(a)]ﬁ <ég

f iscontinuouson [a,b] = f isuniformly continuouson [a,b].

— Thereexistsa 6 >0 such that

| f(s)-f(t)|<p if xe[ab], te[ab] and |x-t|<5 ........... (i)
If P isany partition of [a,b] suchthat Ax <& forall i
then (i) implies that M,-m<p , (=12,...,n)
= U(P,f,a)-L(P,f,a)=) MAq; - ) mAg,

:Z(Mi -m)Ac,
S[BZAai :ﬁ[a(b)—a(a)] <eg
= f eR(a) by Cauchy Criterion. ®

> Theorem
If f ismonotonicon [a,b], andif « iscontinuouson [a,b], then f eR(a).
( Monotonicity of ¢ still assumed. )
Proof
Let ¢ >0 beagiven positive number.
For any positive integer n, choose a partition P = {xo,xl, ..... ,xn} of [a,b]
such that
_a(b)—a(a)
- n
Thisis possible because « is continuous and monotonic increasing on the closed
interval [a,b] and thus assumes every value between its bounds, o(a) and o(b).

Let f bemonotonic increasing on [a,b], so that its lower and upper bounds
m,M, in [x_,x]| aregivenby
m=f(x,) , M=Ff(x) ,i=L2..,n

o U(P fa)-L(P,fa)=) (M, -m)Ag,

i=1

- B 31 x) - 11x.0)
:—“(b);“(a) [f(b)- f(a)]

<& iIf n istaken large enough.

Aa,

, i=12,...,Nn

= feR(@) on [a,b].

Note: f cR(a) when either
1) f iscontinuousand o ismonotonic, or
i) f ismonotonic and o is continuous, of course ¢ is still monotonic.
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> Properties of Integral
i) If feR(ax) on [a,b],then cf eR(a) for every constant ¢ and

b b
jcfda:cjfda.

Proof
- feR(a)
. 3 apartition P such that
U(P,f,a)-L(P,f,a)<e , where¢ isanarbitrary +ive number.

Now U (P,cf ,oc):zn“cMi A, :czn“Mi A,
i=1 i=1

& L(P,cf,a) ZcmAa —chAa

= U(P,f,a)-L(P,f,a)= [ZM Ao, —ZmAa}
=c[U(P,f,a)-L(P,f,a)]
<ce=g
= cf eR(a)
w U(Pcf,a)=clU(P,fa)] & L(P.cf,a)=c[L(P f.a)]
~ infU(P,cf,a)=c[infU(P,f,a)] & supL(P,cf,a)=c[supL(P,f,a)]
where infimum and supremum are taken over all P on [a,b].

b b b b
:»jcfda:cjfda & jcfda:cjfda

b ba Bél bél
jcfda:jcfda j j
: _chda:c_[fda ®

ii) If f eR(a) and f,eR(x) on [a,b],then f + f,eR(ax) and
b

[(f+ fz)daszldmffzda.

a

Proof
If f=f+f, and P isany partition of [a,b], we have

m+m'<m <M, <M +M/
where M/,m/,M" m" and M,,m arethe bounds of f,,f, and f respectively in
(%% -
Multiplying throughout by Ac;, and adding the inequalities for i=1,2,....,n,
we get
L(P, f,a)+L(P,f,,a)<L(P,f,a)<U(P,f,a)<U(P,f,a)+U(P,f,,a) .......(i)
Since f,eR(a) and f,eR(x) on [a,b] therefore 3 ¢>0 andthereare
partitions B and P, such that
U(R, f,a)-L(R, f,a) < ¢ } i
and U (P, f0)-L(Py fpat) < & |
These inequalities hold if B, and P, are replaced by their common refinement P.



Riemann-stielges Integral

(i) = [U(P,fLa)+U (P, fa)|-[L(P f,a)+L(P, fa)] < 2¢
Using (i) we have
U(P, f,a)- L(P, f,a) < 2¢
which provesthat f e R(a) on [a,b]
With the same partition P, we have

b
U(P, fLa) < Iflda+8

and U(P,f,a)< _szda +e
Hence (i) implies that )
j)‘fda <U(P,f,a) < j)‘flda+j)‘f2da+28
"+ ¢ Isarbitrary, we conclude th;t )
j)‘f da < j)‘flda+j)‘ f,da
Similarly if we consider the lower su?ns we arrive at
j)‘f da > j)‘flda+j)‘ f,da
Combining the ab?)ve two r;sults, WS have

b b b
[ fda=]fdo+][f,do

iii) If f(x) < f,(x) on [ab], then
b b
[f.do < [f,da

Proof
Let f(x)>O then M; 20 = U(P,f,a)>0

—
N

. f,—f,>0

da >0 :j‘fzda—j‘fldazo

U

Q Sy T m'—.o- _hm'—.

b
fida < [ f,do

> Note

(i) (f+9)(x) = F(X)+9g(x) < supf+supg
= sup(f+qg) < supf +supg

(i) (f+9)(x) = f(x)+9g(x) > inf f +infg
= inf(f+g) > inf f +inf g
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iv) If feR(a)on [a,b] andif a<c<b,then f eR(a) on [a,c] andon [c,b]
and

'dea:jfda+'t|lfda

Proof
Since f eR(a) on [a,b], thereforefor ¢ >0, 3 apartition P such that

U(P, f,a)—L(P,f,a) <¢€
Let P* betherefinement of P suchthat P*=Pu{c}
 L(P,fa) < L(P", fa) <U(P,f,a) SU(P,f o) oo (i)
= U(P", fa)-L(P" fa)<U(P,fa)-L(P,fa) <& ......... (ii)
Let B,P, denotethe setsof pointsof P* between [a,c],[c,b] respectively.
Clearly B,P, arepartitionsof [a,c],[c,b] respectivelyand P' =R UR,.
Ao U(P',f.a)=U(R,f,a)+U(R,f,a) .......... (iii)
and L(P", f.a)=L(R, f.a)+L(Pfa) oo (iv)
= {U(R.f.a)-L(R, f.a)}+{U(R, f.a)-L(R, f.a)]
=U (P, f,a)-L(P" f.a)<e
Since each bracket on the left is non-negative, it follows that
U(Pl,f,a)—L(Pl, f,a) <€
and U(R,f,a)-L(R,fa)<e¢
= feR(a) on [a,c] andon [c,b].
We know that for any functions f, and f,,if f=1f +f,, then
inf f > inf f +inf f,
and supf < supf +supf,
Now for any partitions B,P, of [a,c],[c,b] respectively, if P*=PB uPR,, then
U(P",f,a)=U(R,f,a)+U(P,f.a)
Hence on taking the infimum for all partitio_ns, we get

b [« b
[fda > [fda+|fda
Butsince f eR(a) on [a,c],[c,b],[a,b]

.'._deazjfda+_tffda ............. v)

Agan  L(P",f.a)=L(R, f.a)+L(P,f.a)
and on taking the supremum for all partitions, we get

b c b
jfda < jfda+jfda
Butsince f eR(x) on [ac],[cb],[ab]

b
.-.jfdas

QD C—y O

b
fda+jfda ............... (Vi)

(v) and (vi) imply that

jfda :jfda+_tffda ®

a
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v) If feR(a) on [ab] and |f(x)| <M on [ab], then

jfda < M[a(b)-a(a)]
Proof
We know that
[fda < U(Pf,a)
a :ZMiAaiSMZAai
But
ZAai =a(b)—a(a)
< M[a(b)—a(a)] O]

vi) If feR(a,) and f eR(w,), then f eR(a,+a,) and
_de(al+a2):jafdal+jafda2

andif feR(x) and c i;apositiveconstaant, thenaf e R(ca) and
_de(ca) = c_tffda

Proof

Since f eR(a;) and f eR(x,), thereforefor &> 0, there exists partitions
P,P, of [a,b] such that

U(R, f.)-L(R.f.a) <

[95)
|m'\’|

and U(R,f,a,)-L(R,f,a,) <
Let P=RUPR,

2

~ U(P f,a)-L(P f,y) <

Nl N,

& U(P,f,a,)-L(P,f,a,) <

Let m , M, beboundsof f in [X_4,%]
Take a=a,+a,
= Aag, :AoclI + Aoy,

Pfa ZMAa

="M, (Aay +Aay )
:U(P,f,a1)+U(P,f,a2)
Similarly
L(P, f,a): L(P, f,a1)+ L(P, f,az)
" U(P,f,a)—L(P,f,a):U(P,f,al)—L(P,f,a1)+U(P,f,a2)—L(P, f,az)

< 54—5 = & by(|)

= feR(x) where a=a,+a,
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To prove the second part, we notice that
b

[fda = infU(P,f,a)

inf {U(P, f,a)+U (P, f,a,)}
> infU (P, f,op)+infU(P, f,a,)

b b
= [fday+[fdo oo (ii)
Similarly by taking the supremum of lower sum of partition we arrive that
b

jfda S_deal+j)‘fda2

................. (iii)
From (ii) and (|||)
jfda = jfdal+jfda2
e Ifd(al+a2) = Ifdal+_[fda2 va=o+a,
Now - feR(a; - for g>0,aE| apartiteilon P of [a,b] such that
U(P,f,a)—L(P,f,a) < E i, (iv)

Let a'=ca then Aa'=A(ca,)=CAq,
P f a ZM Ao

=> M, (cAc;)

=CZMiAoci

=CU(P,f,a)

Similarly, L(P, f,a')=cL(P,f,a)

= U(P,f.a')-L(P,f,a')=c{U(P,f,a)-L(P,f.a)} <ce  by(iv)
= feR(a') where o' =ca

b
Also  [fda'=infU(P,f,a')

=inf cU(P, f,a)
=cinfU(P, f,a)

b
:c_[fda
and
b
[ fda'=supL (P, f,a')

=supcU (P, f,a)
=csupU (P, f,a)

b
:c_[fda
Hence

_dea’:c_dea where a'=ca ®
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» Lemma
If M & m arethesupremum and infimumof f and M', m arethe
supremum & infimumof | f | on [a,b] then M'—m < M —m.
Proof
Let x,X, €[a,b], then
[ F )= FOR|| <] FO) = FOQ) | wovviiinne, (A)
- M and m denote the supremum and infimumof f(x) on [a,b]
LM & f(X)>m vV xelab]
X, X% € [a,b]
)£ M oand  f(x) =2 m
= f(x) <M and —f(x)<-m

= f(x)—-f(%)<M-m........ce...... (i)
Interchanging x, & X,, weget
[FO)-F)]<M-—m .o, (ii)
()& (i) = [f(x)-f(x)|<M-m
= |[f)-]f()||<M-m byeq. (A .......... )

* M’ and m denote the supremum and infimum of |f(x)| on [a,b]
f[ <M and [f(X)|2m vV xe[ab]
= 3 ¢ >0 such that

[F()] > M =€ covrrnee (iii)

and |f(x) <m+e = —|[f(x)|+e >-n .............. (iv)

From (iii) and (iv), we get

|f(X1)|—|f(X2)|+8 >M'-nm—¢

= 2e+|f(x)|-|f (%) > M'—n

g isarbitrary . M/ =m < O F )] o (V)
Interchanging x, & X,, weget
M = < —(|FO)|=[F)]) wreerannn. (vi)
Combining (v) and (vi), we get
M=l < [[F )= FOQ|| oo (I
From (1) and (I1), we have the require result
M'—m <M-m O]
> Theorem
b b
If feR(a) on [ab],then | f|eR(a) on [a,b] and jfda < j|f|da.
Proof
- feR(a)

. given e >0 3 apartition P of [a,b] such that
U(P, f,a)— L(P, f ,a) <
e ZMiAoci —Zm A, :Z(Mi -m)Ag; < &
Where M, and m are supremum and infimum of f on [x_;,X]
Now if M/ and m/ are supremum and infimumof | f | on [x_,x ] then
Mi-m < M;-m
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= Z(Mi'—r’r’()Aoci < Z(Mi—rr])Aoci
= U(P|f|.a)-L(P|fl.a) <U(P fa)-L(P,f,a)<e
= | f|eR(a).

Take c=+1 or —1 to make c_[fda >0

Then

b
jfda

Also  cf(x) < |f(x)| V xe[ab]
b b b b
= [cfda < [[f|de = c[fda < [|f]do .......... (if)
From (i) and (ii), we have
b

< [|f]da ©

a

b
jfda

> Theorem
If feR(a) on [a,b],then f*cR(a) on [a,b].
Proof
feR(@) = |f|eR(a)
= [f(x)| <M vV xe[a,b]
- feR(a) ..given £>0, 3 apartition P of [a,b] such that

U(P, f.a)=L(P,f.a) <&y wmmnee (i)
If M; & m denotethesup. & inf.of f on[x_,X]then M? & ny arethe
sup. & inf. of f%on[x_;,%].
= U(P, f%a)-L(P,f%a)=3 (M -n})Ac,
=2 (M; +m)(M; -m)Ac,
() <|f(X] <M v xel[ab]
and f2=|f[
MM & m<M
= U(P, f%a)-L(P,f%a)<> (M +M)(M,-m)Aq,

=2M > (M, -m)Aq;
&
=2M[U (P, f,a)-L(P,f,a)] <2M TV
= f?eR(a) O]
> Corollary
If feR(ax) & geR(ax) on [a,b] then fgeR(x) on [a,b].
Proof

- feR(a), geR(x)
~ f+geR(a), f-geR(a)
= (f+9)°eR(a) , (f -9)*eR(a)
= (f+9)*—(f —g9)’cR(a) = 4fgeR(a)

and ultimately
fgeR(a) on [a,b] ®
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> Theorem
Assume « increases monotonically and a'eR on [a,b]. Let f bebounded

real functionon [a,b]. Then f eR(a) iff fa’'eR.Inthat case

'dea:jif(x)-a’(x)dx

Proof
 a'eR on [ab]
. given £>0 3 apartition P of [a,b] such that
U(Pa')-L(P,a') <& .covouvrrenn (i)
The Mean-value theorem furnishes point t; [x_;,% ] suchthat
Mg, = a(x)-a(X.)

=o'(t)Ax for i=12..,n ... (i)
If s e[x.,%], thenform (i) we have
‘Za'(S)AXi —Za'(ti)AXi‘ <& | Previously proved at page 6
= Y |a(s)-a'(t)|Ax <& oo (iii)
Put M =sup| f(x)| and consider
| 1(5)Ac =D F(S)a'(S)AX] o (A)

=| > f(s)a'(t)Ax -Y f(s)a'(s)Ax| by (ii)

= | > () (e'(t) - a'(5)) Ax]

<YM (a't)-a'(5))] Ax

SME e, (iv) by (ii)
= > f(§)Aq < D f(s)a'(5)A% +Me  forall choicesof § e[x_;,x]
= U(P,f,a) < U(P,fa')+ Me

The same arguments leads from (A) to

U (P, fa') <U (P, f ,a)+ Me
Thus |U (P, f,a)-U(P.fa')| < Me ..o, (v)
.+ (i) remainstrueif P isreplaced by any refinement
. (v) asoremains true

b b
= | [ fda-[f()a'(x)dx| < Me

"+ & was arbitrary
b b
j fda = j f(X)a'(x)dx  for any bounded f .

Using the same argument, we can prove from (iv) by considering the infimum of
| f(X)| that

19 ey T

fdo = j)'f(x)a’(x)dx

Hence

_dea: fda < jf(x)a'(x)dx:jf(x)a'(x)dx

19 Sy &

Equivalently f eR(ax) < fdo'eR(a).
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> Theorem (Change of Variable)
Suppose ¢ isastrictly increasing continuous function that maps an interval

[A B] onto [a,b]. Suppose & is monotonically increasing on [a,b] and f e R(«)
on [a,b].Define B and g on [A B] by
By)=a(e(y)) . a(y)="f(e(y)

then geR(B) and [gdB=fda.

Proof

To each partition P ={Xx,,....,X,} of [ab] corresponds a partition
Q={Yps-- ¥y} Of [AB] because ¢ maps [AB] onto [ab].
= X =0(¥)
All partitionsof [A B| are obtained in this way.
.+ Thevaluetakenby f on [x_;,% ] are exactly the same asthose taken by g
on [y, Y] weseethat
U(Q.9.8)=U(P,f,a)
and L(Q,9,8)=L(P,f,a)
- feR(@) on [a,b]
. given £>0, wehave
U(P, f,a)—L(P,f,a) <¢€

= U(Q’g’ﬁ)_L(Q1g’ﬁ) <é
= geR(B) ad [gdB=|fda o
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INTEGRATION AND DIFFERENTIATION
> Theorem (Ist Fundamental Theorem of Calculus)

Let f eR on [a,b]. For a<x<b, put F(x):J'f(t)dt,then F is continuous

on [a,b]; furthermore, if f iscontinuousat point X, of [a,b], then F is
differentiableat x,, and F'(x,) = f(X,)-

Proof
- feR
. f isbounded.
Let |f(t)| <M for te[ab]
If a<x<y<hb, then a X vy b

[F(y)-F(x)|=

Jy'f(t)dt—JX'f(t)dt

- Jx'f(t)dt+Jy'f(t)dt—JX'f(t)dt

- Jy'f(t)dt

< T| f(t)|dt < M_Tdt =M (y—-X)

= |F(y)-F(x)| <& for >0 provided M|y-x| < ¢
ie. |F(y)-F(X)|<e whenever |y—x|< ﬁ

This proves the continuity (and, in fact, uniform continuity) of F on [a,b].

Next, we have to provethat if f iscontinuousat x,e[a,b] then F is
differentiableat x, and F'(x,) = f (X))
e limFO=FO) ¢
=% T—X,
Suppose f iscontinuousat x,.Given ¢>0,3 6 >0 suchthat
[ f(t)-f(x)| <e if [t—x| <5 where te[ab]

= f(x)—e< f(t) < f(x)+e if x-0 <t<x,+6

t

= j'(f(XO)—g)dt < Jt'f(t)dt < j.(f(xo)+g)dt A Xems X Xoto
% % "

f(xo)—g)jdt < Jt'f(t)dt < (f(x0)+g)jdt
X0 X0

X

= (

= (F(%)—&){t-%) < F{)=F(%) < (f(x)+&)({t—%)

F(t) - F (%)
t

= f(x)-¢ < < f(x)+e

_ | FO-Fy)
=%

mFO=F0Q) _
= =S B = 1)

= F'(%) = T(x) ©

~ )| < 6
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> Theorem (IInd Fundamental Theorem of Calculus)
If f eR on [a,b] andif thereisadifferentiable function F on [a,b] such that

F'=1f, then
Tf(x)dx: F(b)-F(a)

Proof

 feR on [ab]

. given £>0, 3 apartition P of [a,b] such that
U(P,f)-L(P,f)<e

- F isdifferentiable on [a,b]

-3 t e[%,%] such that

F(x)—F(x_)=F'(t)Ax
= F(x)-F(x_)=ft)Ax for i=L2,...,n -~ F'=f

= ;f(ti)A‘:F(b)_F(a) .+ if f eR(a) then

= |F(b)-F(@)-[f()dx| < ¢ T rwaa [ rda|<e
g Isarbitrary )
Tf(x)dx:F(b)—F(a) ®

> Theorem (Integration by Parts)
Suppose F and G aredifferentiable functionon [a,b], F'=f eR and

G'=geR then
TF(X)Q(X)dh F(b)G(b) - F(2)G(a) —T f (X) G(X) dx

Proof

Put H(X) = F(X)G(x)

= H'=F'(X)G(X)+F(X)G'(x)=h

Now - HeR and heR on [a,b]

.. By applying the fundamental theorem of calculusto H and its derivative h,
we have

Tth: H(b) - H(a)

= b [F'(})G(x)+ F(x)G'(x)]dx=H (b) - H(a)

= [ ()G dx+ [F(x)g(x)dx=F(b)G(b) - F (a) G(a)

a a
b b

= [F(x)g(¥)dx=F(b)G(b)-F(a)G(a)- [ f () G(x)dx ®

a a
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» Question
Show that the function f defined on [0,1] by

1 : Xisrational
f(X)= L
0 : Xisirrationd
is not integrable on [0,1]
Solution
For any partition P of [0,1], m =0, M, =1

= S(P,f) ZMAXk ZAxklOl

and  L(P,f)=>mAx =0

k=1

1
so that jfdx:l , fdx=0
0

10 ey

1 1
i.e. dex;tjfdx = f isnotintegrableon [0,1]. ®
0 0

» Question

Show that f (X) =sinx is Riemann integrable over [O%}

Solution
Take P= {Oi T 3—” ..... n—ﬂ} by dividing [O,E} into n equal parts.
2n'n’'2n’ 2n 2
kr (k Dr
Then M, =sin— =
2n > M= 2n
kr (k-Dr
= S(P,f)-L(P,f)= sin——sin
( ) ( ) Z( 2n 2n jZn

T T
<— <e¢ for n>n,=—
2n 2¢

= f isRiemann integrable over [O%} O]

» Question

%( : X isrationa ,0< x<1

Show that f(x):{ L
0 , X isirrational

isintegrable on [0,1].
Solution
f iscontinuous at each irrational. And rational numbers are dense in [0,1].

1
Also L(P,f)=0 forany partition P of [0,1] sothat dex:O

- f>0 . S(Pf)20 = [fda >0 ..., 0
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" There are only finite number of points P (rationals) for which f (_p] 9, %
q a) P

. Suppose f(x) 2% for k valuesof x in [0,1]

Take B suchthat |B <§.

n

Consider S(B, f)=> M, (x—x_)

i=1

Thereare at most k values for which %s M, <1. For al other values M, >%.

= S(Pl’f): Z Mi()ﬁ_xi—l)'i' Z Mi()ﬁ_xi—l)

kvaues other values

& & & &
<Lkt (x-x,) < E4E=
ok KT =%a) <S+5=¢

"+ ¢ isarbitrary
- S(R,f)<0 and Jl'fdxso ............ (i)
By (i) and (ii), we have O

Jl'fdx:o

0

1
Hence _[fdx:O ®
0

> Note
If f isintegrablethen | f| isalso integrable but the converse s false.
For example, let f beafunction defined on [a,b] by
f(x):{l ; xGQr.\[a,b]
-1 ; otherwise
Then | f | isRiemann-integrable but f isnot.




